V.G. Baryshevsky, I.D. Feranchuk. Parametric X-rays from ultrarelativistic electrons in a crystal : theory and possibilities of practical utilization. Journal de Physique, 1983, 44 (8) Abstract. 2014 The detailed theory of parametric X-rays from charged particles in a crystal is considered. It is shown that this radiation is due to the diffraction of the particle's electromagnetic field. Some features of the parametric X-rays allow us to separate this radiation from other radiation types. Methods of the experimental investigation and uses of parametric X-rays are discussed.
At,present the problem of obtaining intense and monochromatic X-ray beams is of great interest The proposed solution to this problem involves electromagnetic radiation from relativistic charged particles in external fields in various media. Theoretical and experimental investigations of many radiation types including synchrotron [1] and undulator [2] radiation, bremsstrahlung [3] and channelling radiation [4, 5] have been carried out However, the type of radiation considered here possesses some useful features but has as yet been described theoretically only.
We refer to the parametric X-rays (PX) which originate when a relativistic charged particle interacts with a crystal. This radiation is due to the periodic character of the crystal's dielectric constant The optical parametric radiation was first described by Fainberg and Thiznjak [6] . They considered the radiation from a uniformly moving electron in a medium with a simply periodic dielectric constant Analogous radiation in a thin triply periodic crystal was considered by Ter-Mikaeljan [7] . But true PX occurs in a crystal with thickness L, greater than the X-ray extinction length, which is where K is the emitted photon wave number and n is the crystal refraction index; h = c = 1.
In this case the emitted photon state in the crystal is modified in an essential way. The importance of such a modification was first mentioned by Baryshevsky [8] . In subsequent articles we presented the classical [9] and quantum [10] theories of PX. The classical theory of this phenomenon was independently considered by Garibjan and Jan Shee [11] . Later several theoretical papers were published where the same radiation mechanism was described [12, 13] .
We do not know of any experimental investigations on PX despite the fact that this phenomenon was predicted quite long ago and several possible uses were described [ 14, 15] . This could be connected with the lack of theoretical papers with a simple and clear description of the features inherent to PX which distinguish this radiation from other radiation types.
The present paper is an attempt to fill in this gap in order to call attention to the discovery and investigation of PX. This radiation may be used both as an X-ray source with a number of useful properties and for obtaining information about crystal structure.
Qualitative consideration.
Let us suppose that an ultrarelativistic electron (E &#x3E; m), enters a crystal. Here E is the energy and m is the mass of the particle. The crystal is arbitrarily oriented with respect to the electron velocity v. In order to give a simple analysis of the PX for-mation we recall that the relativistic charged particle's electromagnetic field can be represented as a superposition of pseudophotons whose properties are close to those of real photons [16] . The pseudophotons have angular spread e8 m/E and their spectral distribution is determined as follows [16] where OJ is the pseudophoton frequency and ?I has a value of the order of unity.
From this point of view, the electromagnetic interaction of the ultrarelativistic electron with the crystal is equivalent to the interaction of a photon beam (angular spread A0 and spectrum I) with the crystal (Fig. 1) . PX can then be considered to be the result of X-pseudophoton diffraction in the crystal. The pseudophoton diffraction as well as the diffraction of external X-rays is a coherent process, i.e. the probability of this process is in direct proportion to the square of the crystal length. Therefore under certain fixed conditions the PX intensity may essentially exceed the intensity of the pseudophoton incoherent scattering which leads to bremsstrahlung [16] .
Because of the pseudophoton diffraction the PX travels both along the direction of the electron velocity and at large angles relative to it These angles are determined by the crystal reciprocal lattice vectors (for example, the parametric radiation in the -v direction is possible). This angular distribution is the most important feature inherent to PX which enables us to separate this radiation from other secondary processes due to the ultrarelativistic particle interaction with the crystal. The point is that the particle formed in the secondary processes (photons, electron-positron pairs and so on) leave the crystal at small angles (-m/E) relative to v.
In order to consider the interaction of the pseudophotons with the crystal one can use the results of the theory of the diffraction of X-rays and resonant y-radiation [18] . In (Fig. 2) . Here x is the reciprocal lattice vector of the crystal.
Depending on x, the emitted photons propagate both at an angle smaller than n/2 relative to v (the Laue case) and at an angle greater than n/2 (the Bragg case). The pseudophoton spectrum defined by equation (1) The pseudophotons have an angular spread A0 -m/E [16] . As a consequence PX propagates in the direction of K + x = mv + x in a cone with angular divergence 49. Therefore, lateral spots have to appear on the X-film placed to the right or to the left of the crystal. The distribution of these spots does not depend on the particle energy and coincides with the totality of reflexes formed when an X-ray beam with spectrum (I) is diffracted by the crystal. These lateral X-ray peaks from ultrarelativistic charged particles are the experimental evidence of the PX formation.
It should be noted that pseudophoton coherent diffraction is not a unique mechanism of the PX formation. Analogous radiation arises as a result of bremsstrahlung photon diffraction as well as the diffraction of photons emitted by a channelled charged particle [4] . But (Fig. 2) .
It follows from equation (4) that because of the pseudophoton angular spread 08, a lateral spot corresponds to a quasimonochromatic X-ray beam with spectral spread Crystal periodicity also changes the spectrum of the photons emitted along the particle velocity direction, in comparison with a homogeneous I medium [15] . The point is that in the crystal the conerent scattering of the pseudophotons with frequency cos leads to an X-ray beam forming along the vector cw + r. The amplitude a wave travelling along the vector v also changes. As a consequence the spectrum of photons emitted along the particle velocity direc-I tion changes within the interval defined by the conditions (4) and (5) . We shall now consider the detailed characteristics of PX.
3. Quantum theory of the parametric X-rays.
The main difficulty in describing PX is connected with the fact that perturbation theory fails to take into account both particle and emitted photon interaction with a thick monocrystal. Therefore in reference [10] the use of quantum electrodynamics in Furry notation [16] for describing electromagnetic processes in the crystal was suggested It was shown that the quantum calculation was simpler in the case when both quantum and classical considerations were applied According to reference [10] (6) corresponds to the channelling radiation [4] . This diagram may be used when the emitted photon refraction and diffraction are not essential. Diagram 3c defines the parametric X-rays when the photon is diffracted and described by the function A-(r), with the particle moving at uniform velocity. The radiation cross section for the general diagram (Fig. 3a) was calculated in references [4, 10] . In reference [10] the particle wave function was considered in the eikonal approximation and in reference [4] the channelled particle wave function was_used. It was shown in paper [17] that the PX intensity in the peak essentially exceeds the channelling radiation intensity and is described by the following matrix element where p(pi) is the particle momentum in the initial (final) state; ctlp is the spinor corresponding to a free particle with momentum p.
Essentially, the value MfBO) contains the solution of the homogeneous Maxwell equations only and this enables us to simplify the calculations in comparison with the classical consideration of this problem [11] . The coherent interaction of the photon with a crystal can be taken into account via the crystal dielectric constant This approach is a result of the Maxwell equations being averaged over the crystal state [18] . Because Xij(úJ) are directly connected with the amplitude of the photon coherent scattering by the electrons and nuclei of the crystal. The obvious form of these expressions was found in the theory of X-and gamma-ray diffraction [ 18, 19] and is with Here, Do is the unit cell volume; Rn is the coordinate of the n-th atom in the cell ; fie) and ij are the amplitudes of the photon coherent scattering by the atomic electrons and nucleus, respectively. These amplitudes are defined as follows :
Here, Fn(t) is the atomic form factor; Af' and Af" are the anomalous dispersion corrections [19] are defined as follows
In those cases where the tensor fij(n) is more complicated than that of equation (11), it is convenient to describe the functions A; by means of the covariant method considered in reference [20] . The matrix element of equation (7) defines the number of photons which are emitted by an electron in the crystal :
where E means an averaging over the initial polarization states and summation over the final ones ; 3 is the number of electrons entering into the crystal per unit time. Using equations (13, 14) in equations (7, 17) The quantities wq0 and wqls are Z-axis projections of the momenta transferred to the vacuum and crystal, respectively, due to photon emission in the direction (cov + r) (the case r = 0 is included). Thus the quantities Lo = (wq0)-l and Lls = (wqls)-l are the coherent radiation length [10] , that is, those portions of the particle trajectory in the vacuum and in the crystal which give coherent radiation. The radiation intensity is proportional to the square of the coherence length and, therefore, the maximum number of photons is emitted in those directions where Lo and L' AS are maximum. This takes place within the angular spread Unlike the homogeneous medium, in the crystal condition (20) is fulfilled not only for the photons emitted forward but also for the photons propagating along the vector (cos + r), directed at an angle 00 relative to v. Here 00 is defined as follows (see Fig. 2 
)
This result coincides with the qualitative consideration of paragraph 2.
Let us consider now the radiation spectrum. It is well known that the maximum value of the vacuum coherence length is defined by the expression [7] At the same time it turns out that, in the crystal, there exists such a radiation angle where one of the quantities Re qs vanishes. This means that, by neglecting absorption, the coherent length goes to infinity and radiation intensity increases as the square of the whole crystal dimension, just as it does for Vavilov-Cherenkov optical radiation in a homogeneous medium [7] and for channelling radiation [4] . Thus, the equation constitutes the dispersion equation of the parametric X-rays in the crystal. In order to simplify further investigation let us consider a non-Mossbauer crystal when we do not need to take into account the resonant amplitude in equation (9) . In this case the relations are satisfied, and equation (23) in the Laue case (fl &#x3E; 0) has the form Here, and qJt is the angle between K andr in the plane, perpendicular to the vector cvv + T.
In the considered case, equation (25) (23) is fulfilled, the radiation intensity has its maximum proportional to the smaller of the two values w2 L 2 and (qis) 2. The spectral intensity of PX at maximum is either (g'00 roL)2 or ,2 Ig"2 times larger than the intensity of the transition radiation. Note that Cherenkov X-rays in a homogeneous medium are possible only when the radiation frequency is close to the resonance frequency of the atoms or nuclei [21J. But in this case goo I N g"00 and the intensity of Cherenkov radiation is of the same order as the transition radiation intensity [21] . It is also important that the coherence length in the crystal be larger than the absorption length in the homogeneous medium. The point is that the Borrmann effect [19] for X-rays and the Kagan-Afanas'ev effect [18] for resonant y-rays also arises in the radiation processes. So, if the emitted photon has a polarization perpendicular to the diffraction plane then the following inequality holds and the coherence length increases with energy -E4, unlike to the homogeneous medium, where it does not depend on E(o density effect » [7] ).
We emphasize once more that the collimated beams of quasimonochromatic X-rays, directed at large angles relative to the ultrarelativistic particle velocity, are radiated in a crystal of any length, but the entire PX characteristics arise in a crystal with length satisfying the condition These features are of importance for a use of PX as an X-ray source, or for investigations of crystal structure. In the X-ray spectral range the inequality (29) means that L &#x3E; 104 cm, and later on, we shall consider this case. Then the angle integration in equation (18) may be carried out analytically using where 6(y) is the Dirac 6-function and xo is determined from the equality The PX spectrum calculated by means of equations (18) and (30) is shown in figure 5a . From these results, it follows that the frequency of the radiation emitted along the direction of OJt v + r equals wt with a spectral spread Here, and this frequency varies continuously with a rotation of the crystal [ 15] .
We remark that the energy resolution of modem X-ray detectors is not sufficient in order to investigate the shape of PX-lines. Therefore, let us consider the total number Ns of the photons emitted in the Bragg direction.
When the particle energy satisfies the condition and a)Lg"o &#x3E;&#x3E; 1, the value of Nt is obtained as the following expression [10, 15] Figure 5b shows the results of such a calculation. In references [10, 15] 
This formula is
The y-quanta angular spread is defined by the expression and is substantially less than that for X-rays. This intensity corresponds to the radiation from an isotropic source with activity of 108 curies because of the small angular spread eBy N 10-6. 4 . Use of PX for gamma-laser pumping.
In references [14, 15] a use of PX for roentgenography and for obtaining monochromatic and focused X-ray beams and continuously tunable sources was considered In the present paragraph we shall consider the efficiency of PX for gamma-laser pumping. The advantages of PX can be used most effectively in this particular problem [22] . They consist of high spectral intensity, small angular spread and the possibility of varying the radiation frequency in a continuous manner.
In accordance with reference [17] the maximum values of X-ray intensity for parametric (PX), channelling (CH), and synchrotron (S) radiations are related as follows
In order to avoid the damaging of the crystal by resonant nuclei it is necessary to use the radiation formed in another crystal for pumping (see Fig. 6 ). We shall also suppose that the pumping is operated via a three-level scheme shown in figure 7 . Then the ratio of the number of excited nuclei N' formed for a time r = r -1 to the quantity of unexcited nuclei N is equal to where Ny is the number of y-quanta entering the Mossbauer crystal per unit time ; Qr is the resonant absorption cross-section ; s is the crystal cross-sectional area.
The threshold of gamma-laser operation is achieved when j -1 and using the equations (34) and (37) one can finds that the value of threshold current is defined by the formula [23] In the case of 5 one obtains Such a current is practically unattainable but there are several ways to optimize the pumping scheme and decrease Jth. In particular it is possible to operate the pumping scheme with polarized nuclei [24] . This decreases the threshold to As shown above, the maximum value of the radiation coherent length is limited by the absorption length (L. = (w.J length in the M6ssbauer crystal).
But let us suppose that the electron radiates in a crystal of needle form with a transverse size less than L.. Then PX, which travels in the direction of (wr v + i), will be not absorbed in the crystal and the coherence length will be proportional to the length of the entire crystal. This decreases 3, by two [25] . Because of the small angular spread of PX, N;oh is substantially greater than Ny even for b « 1.
Thus if all of the above-mentioned improvements of the pumping were taken into account, then for a gamma-laser using 57Fe one can could have when 6, = 10-2 and the electron energy is E Z 1 GeV.
Such a value of the current is attained by modern accelerators.
